The mechanism of electroweak symmetry breaking in Little Higgs Models is analyzed in an effective field theory approach. This enables us to identify observable effects irrespective of the specific structure and content of the heavy degrees of freedom. We parameterize these effects in a common operator basis and present the complete set of anomalous contributions to gauge-boson, Higgs, and fermion couplings. Electroweak precision data are affected only via the S and T parameters and by contact interactions. As a proof of principle, we apply this formalism to the minimal model and consider the current constraints on the parameter space. Finally, we show how the interplay of measurements at LHC and a Linear Collider could reveal the structure of these models.
Introduction
In the Standard Model (SM) of electroweak interactions no symmetry protects the Higgs boson mass from large radiative corrections. Various scenarios have been developed which address this problem by embedding the SM in a richer structure. Recently, a new class of models has been found (the Little Higgs models [1] [2] [3] ) where the Higgs doublet is part of a multiplet of pseudoGoldstone bosons. The Goldstone-boson multiplet is associated to the spontaneous breaking of a global symmetry at a scale Λ which is placed in the multi-TeV range, considerably higher than the electroweak scale v. Thus, Λ acts as a cutoff which separates the weakly-interacting low-energy range from a possible strongly-interacting sector at higher energies. The large value of Λ would explain the fact that no sign of such new dynamics has yet been detected in the low-energy observables which are presently accessible to us.
Since the Higgs bosons have interactions with gauge bosons and massive fermions, the global symmetry can only be approximate, and the symmetry-breaking scale Λ cannot be arbitrarily high. Denoting the characteristic scale of the Goldstone multiplet (the analog of the pion decay constant) by F , there are order-of-magnitude relations
which should be satisfied if large fine-tuning of the parameters is excluded.
In the energy range between F and Λ, Little Higgs models are weakly-interacting models which contain, apart from the SM particles, extra vector bosons, scalars, and fermions. Their spectrum and interactions are arranged in such a way that the symmetries force at least one of the pseudo-Goldstone bosons, the Higgs particle, to be light: m H = O(v). The other new particles have masses of order F (up to several TeV) and therefore have not yet been observed directly in present experiments.
Nevertheless, indirect effects of the virtual exchange of heavy particles affect the interactions of SM particles. This fact has been used for computing the shifts to low-energy observables and thus to constrain Little Higgs models from precision data [4] [5] [6] [7] [8] .
In the present paper, we derive the complete low-energy effective Lagrangian of such models, using standard techniques of the effective-theory approach. For concreteness, we take the Littlest Higgs model of Ref. [2] as an example. However, the form of the effective Lagrangian we obtain is independent of the particular model and depends only on the low-energy spectrum.
In the Littlest Higgs model, this spectrum contains just a single Higgs doublet. For Little Higgs models with a more complicated low-energy spectrum, our results on Higgs-independent observables still apply, but in such models a discussion of the anomalous Higgs couplings requires a straightforward generalization of our results.
The information on the specific model is encoded in the values of coefficients of dimensionsix operators. This will not just allow for a very simple picture of the low-energy constraints, but will give us the opportunity to present the complete pattern of anomalous couplings in the gauge-boson, top-quark and Higgs sectors, which will be probed at future colliders. In the final section we will make use of those results and develop a strategy for reconstructing a complete model from data at a Linear Collider in combination with LHC. Lagrangian for ϕ contains virtual Φ exchange encoded as (1 + ∂ 2 /M 2 ) −1 , which has to be expanded in powers of 1/M 2 and truncated at finite order. This method accounts for all tree-level effects, where terms higher than quadratic in Φ are treated perturbatively as operator insertions. In particular, book-keeping is simple even if Φ gets a vacuum expectation value or if there is nontrivial mixing between heavy and light fields. At loop level, there are UV-divergent corrections to the coefficients in the effective Lagrangian which can systematically be determined by appropriate matching conditions. In more general theories, there are also one-loop terms which stem from the expansion of the Jacobi determinant, if it depends on further light fields (e.g., gauge fields).
In the context of the minimal SM, an experimental precision at the per mil to percent level is consistent with a truncation of the expansion at order 1/M 2 , if M is in the TeV range. Thus, the appropriate effective Lagrangian of Little Higgs models is given by the SM, possibly extended by extra light Higgs multiplets, and augmented by a small set of dimension-six operators [9] [10] [11] . Generically, the squared ratio v 2 /M 2 of the electroweak and the new-physics scales is of the same order as 1/16π 2 , the prefactor of loop corrections. In the present context, this rough equality is dictated by naturalness. Furthermore, while loop corrections involving only SM particles are important, loop corrections involving heavy fields are suppressed by additional powers of v 2 /M 2 . The exception to this rule are loop corrections which are quadratically divergent. The quadratic divergence of the SM Higgs mass is ameliorated to a logarithmic one by the matching conditions of Little Higgs models, such that it is proportional to M 2 /(4π) 2 ∼ v 2 . However, for all operators of the form (h † h) n with n > 1, there is an uncancelled quadratic divergence which is cut off only by the unknown UV completion of the theory. The result is the wellknown Coleman-Weinberg potential [12] , which has UV-sensitive coefficients of order one at the matching scale. The generic suppression of radiative corrections which involve new particles is partly reduced by logarithmic enhancement if some masses become exceptionally light or heavy. Such enhanced loop corrections can have a detectable effect on observables which are very precisely measured [5, 13] . However, we should keep in mind that there also unknown contributions from physics beyond the UV cutoff Λ. These can be encoded in dimension-eight operators and in corrections to the coefficients of dimension-six operators, and their effect may be enhanced by the presence of new strong interactions in the high-energy range. Such terms are parameterically of comparable magnitude as the loop effects due to the new heavy particles [14] . Thus, if we do not want to be specific about the UV completion, we can restrict our calculation of the low-energy effects in Little Higgs models to the coefficients of dimension-six operators at tree-level.
The Model
In Little Higgs models, the SM gauge group SU(2) × U(1) is extended in a nontrivial way, and there are additional heavy vector bosons which after breaking of the high-energy symmetry arrange themselves as massive multiplets of SU(2) × U(1).
The interesting cases are triplets and singlets of SU(2) with zero hypercharge, since those can directly couple to the SM fermions and mix with the SM vector bosons. Other multiplets (e.g., SU(2) doublets) are possible, but at low energies they will only show up in loop corrections, further suppressed by v 2 /M 2 . Therefore, it is unlikely that exotic vector bosons are detected by other means than direct observation at, e.g., LHC.
The Littlest Higgs model [2] contains exactly one heavy triplet and one heavy singlet, which we denote by X µ and Y µ , respectively. In this model, the SM group is the result of the simultaneous spontaneous breaking
The concrete realization is embedded in a global SU(5) group which is broken down to SO(5). Therefore, the representation is usually written in terms of 5 × 5 matrices. The unbroken Lagrangian consists of a triplet (SU(2)) and a singlet (U(1)) part, coupled by the Goldstoneboson interactions:
The gauge-field Lagrangians are
The SU(2) generators T a 1,2 (a = 1, 2, 3) and U(1) generators Y 1,2 are given by
and
respectively, and we define the matrix-valued field strengths as
with
The fermionic triplet and singlet currents J
and J (1) µ are coupled to the first gauge group only, where "tr" denotes the usual SU(2) trace. (While this is unique for SU (2) , for the hypercharge part there exists a variety of choices consistent with the symmetries and the requirement of anomaly cancellation [6, 7] , which leads to a straightforward generalization of the model.)
The Goldstone Lagrangian describes spontaneous symmetry breaking at the scale F , which is expected in the TeV range. In the Littlest Higgs model, it is parameterized by a complex symmetric 5 × 5 matrix. Using the fields H (light Higgs), w ± , z (SM Goldstones), and Φ ±± , Φ ± , Φ 0 , Φ 1 (heavy scalars) as building blocks,
the matrix is defined as
The covariant derivative is given by
such that the Goldstone Lagrangian reads
In the fermion sector of Little Higgs models, the top quark mass is generated by mixing the known top quark t with a new vector-like heavy quark T . This interaction has the additional properties of cancelling the quadratic cutoff dependence of the Higgs mass and generating electroweak symmetry breaking by driving the Higgs mass squared parameter negative.
The heavy-fermion Lagrangian is built from the chiral fields
To construct the Yukawa interaction L Y , we define a 3 × 3 matrixχ
and promote this to a 5 × 5 matrix by padding zeroes:
With these definitions, the Yukawa interaction is given by
where T 2 2 is the generator defined in (9) . The masses of the light leptons and quarks can be generated by similar interactions 1 , where in those cases naturalness does not require the presence of further heavy states if the corresponding quadratic divergences are cut off at the scale Λ [1] . An interesting property of the model is the possibility to write lepton-number violating interactions like
which are invariant under the full gauge symmetry. After electroweak symmetry breaking, such operators generate Majorana masses for left-handed neutrinos of order g N v 2 /F . Since F is not large enough to account for the huge suppression of the observed neutrino masses, the coefficient g N must itself be small. For instance, it could be proportional to some power of F/Λ ′ , where Λ ′ is a high scale where lepton number is broken.
Heavy Vector Fields
Introducing the heavy vectors X µ , Y µ and the SM gauge fields W µ , B µ , we express the gauge fields as
For the matter fields X µ and Y µ , the field strengths are
with the covariant derivative in the adjoint representation) and
where the omitted terms are higher-dimension interactions which are irrelevant for our discussion. The masses are given by
respectively. After electroweak symmetry breaking, the physical masses of the X and Y bosons get corrections of order v 2 /F , but this is irrelevant for our discussion. In these expressions, we have introduced the Higgs current
which may be decomposed into its singlet and triplet parts:
For later use we also define field strength tensors,
where
While in different Little Higgs models the coefficients will be different (e.g., the factor √ 5 in the Y mass is specific for the U(1) embedding of the Littlest Higgs), the overall structure of the Lagrangian (27) (28) (29) is generic, and a generalization to other models is straightforward. In particular, apart from the couplings to fermion currents we identify couplings of the heavy vector boson to the Higgs current V µ , which after the spontaneous breaking of the SM group lead to mixing of the heavy fields with light vectors W ± µ , Z µ . A term which is especially interesting is the self-coupling of the Higgs triplet current in (29) , since this is a nonrenormalizable interaction which is due to the nonlinear nature of the Higgs representation. Note that no self-coupling of the singlet current V
where the triplet and singlet parts are given by
respectively. The Littlest Higgs values of the coefficients are
Heavy Scalars and the Higgs Boson
In the expansion of the Goldstone Lagrangian (29), the kinetic energy of the heavy scalar multiplet φ
produces an extra contribution to the effective Lagrangian when φ has been integrated out.
To obtain this term together with all other effects of the heavy scalar, we introduce the Coleman-Weinberg potential of the scalar fields, which is generated at one-loop order:
with the constants
which are sensitive to the UV completion of the theory via the dimensionless parameters k and k ′ . To get the correct pattern of electroweak symmetry breaking, the φ mass squared M 2 φ must be positive. This implies the relation
which the unknown coefficients k and k ′ have to satisfy. The Higgs mass parameter µ 2 is given to leading-logarithmic one-loop order by
but there are two-loop corrections to this quantity which get a prefactor Λ 2 /(4π
and therefore are of similar size.
To get all terms that we will need later, we integrate out the heavy scalar using the redefinition
Expanding the resulting effective Lagrangian up to second order, we obtain
The first term in this expression modifies the coefficient λ 4 ,
Hence, up to corrections of order v 4 /F 2 , the Higgs mass is given by
The µ mass parameter is related to this by µ 2 = m 2 H /2. For electroweak symmetry breaking to occur, µ 2 has to be positive, so the relation
must be satisfied [4, 6] . The other terms in (48) are dimension-six operators, which may be rewritten as
The derivative interactions should be combined with the Higgs current interactions we have encountered when integrating out the vector fields. This particular expression is specific to the Littlest Higgs model. However, in more general models the generic structure will be similar: The Higgs potential will contain h 4 and h 6 terms, while the exchange of heavy scalars between light Higgs bosons generates derivative interactions.
Heavy Fermions and the Top Quark
We expand the Yukawa term L Y (21) to order 1/F 2 :
Combining this with the T mass term,
we diagonalize the two top-like states to leading order by the rotation
where the mixing angle is given by
We may first integrate out the heavy scalar φ in the expression (53). Using the leading term of (47), this is equivalent to the replacement
In the rotated basis, the Yukawa terms take the form
To get the low-energy effective Lagrangian, we combine the chiral states T L and T R to a Dirac field T with mass
Completing the square in the Lagrangian,
we can integrate out T ′ . We expand the result up to the order 1/F 2 and obtain
Using the operator definitions
this can be rewritten in the form
where the coefficients in the Littlest Higgs model are
The Lagrangian (66) gives rise to the top mass
The small correction to the canonical value λ t v is detectable only if λ 1 and λ 2 are determined directly, i.e., by measuring production and decay of the heavy T at the percent level. This accuracy is not likely to become feasible in the near future [16] . From the viewpoint of the low-energy effective theory, it is more appropriate to take m t as an input parameter and absorb the correction in the mass term. Thus, we rewrite (66) as
where in the redefined operator
the contribution to the top mass is removed.
Equations of Motion
The effective Lagrangian consisting of (38, 39) and (48) is not yet well suited for discussing physical observables. The reason is the presence of couplings V -J between the Higgs and fermion currents, which after spontaneous symmetry breaking induce anomalous couplings of the W and Z bosons to fermions. This is not a problem, but since gauge-boson interactions with fermions define the gauge couplings of the SM, it is convenient to eliminate the corrections by appropriate field redefinitions, i.e., by applying the equations of motion. The result will be more transparent, and the coefficients in the effective Lagrangian can be more easily related to measurable quantities. It is natural to separate triplet and singlet terms in this procedure. Here, the triplet terms conserve the approximate custodial SU(2) c symmetry of the SM, while the singlet terms (which, incidentally, are more model-dependent) induce SU(2) c violation and thus contribute to the ρ parameter.
Custodial-SU (2) Conserving Terms
In (38), the total contribution linear in the fermionic triplet current J (3) µ is given by
where, in the Littlest Higgs model,
A (nonlinear) redefinition of W µ eliminates the extra term in (71). This is equivalent to an application of the equations of motion, which for the W field read
The omitted terms are of dimension five and higher and thus irrelevant for our discussion. To eliminate the V µ J µ term, we add the operator
to the effective Lagrangian, such that the V -J coupling vanishes in the result. Applying partial integration to the first operator on the right-hand side of (74) and combining the additional terms with (38), we obtain
where the dimension-six operators are defined as
The coefficients in (75) are, in the Littlest Higgs model,
To convert this result into a more useful form, we expand the derivative acting on V and rewrite it in terms of the basis introduced in [10] :
The last operator renormalizes the kinetic energy of the vector bosons. Noting that the gauge coupling g (in our convention) appears in the dimension-four Lagrangian only as the prefactor of the W kinetic energy, we can add a term proportional to tr W µν W µν to the Lagrangian and completely absorb its effect into a redefinition of g, a shift which is unobservable in the effective theory. (The same argument has been applied to the top quark mass above.) Hence, we can replace (82) by
where now
The second operator on the right-hand side of (74) should also be investigated:
This can be rewritten as
where 
This implies a redefinition of the physical value of v. From the SM Lagrangian, the Higgs part of which reads
we read off the equation of motion for h,
where J S is the scalar current of the massive fermions which couples to the Higgs field. For the quartic coupling λ, we should take the effective coupling λ eff 4 (49). Thus, we can express O
2 We choose to eliminate the operator
2 of Ref. [10] in favor of O hh , whose physical interpretation is more obvious.
where the additional operators are
Again
Custodial-SU (2) Violating Terms
From integrating out the heavy hypercharge boson, we have obtained an interaction of the form
Analogous to the triplet case, the V -J coupling is eliminated from the effective Lagrangian by adding the term
such that the result reads
Here, the operators are defined as
In the Littlest Higgs model, the operator coefficients are
Switching to a more familiar basis, we expand the operators as follows:
where the new terms are
Analogous
Precision Observables
In the previous sections, we have derived the low-energy effective Lagrangian of a Little Higgs model, which is applicable in the energy range below the lowest-lying new particle in the spectrum. Collecting all terms, we list the complete result in the appendix as Eq. (165).
Below we will discuss the contributions to the electroweak precision observables which follow from this expression. Anomalous vector-boson and Higgs couplings are the subject of the next section.
Oblique Corrections
The two operators O BW and O h,1 influence the gauge-boson two-point functions. These corrections are usually expressed in terms of the S, T, U parameters [17, 18, 10] . In our context, there is no dimension-six operator which corresponds to U, so ∆U is zero. The other two parameters get contributions from the exchange of heavy particles:
Expanding the operator
in terms of physical fields, we have to modify the rotation of neutral fields by the correction present in (165)
in order to get the correct kinetic energies of Z and A in the effective Lagrangian. Correspondingly, the gauge couplings g and g ′ are given by
if expressed in terms of e and s w , c w .
Here, e is the ordinary electromagnetic coupling. (In practice, we have to account for a nontrivial scale dependence in this quantity, but this effect is universal and independent of our discussion.) The sine of the weak mixing angle s w can be measured directly in Z decays, since in our framework both the vector and the axial vector coupling receive the same correction,
such that the ratio v f /a f is unaffected. As a result, O BW contributes to the S parameter. In our case, we have
Turning to the SU(2) c -violating sector, the operator O ′ h,1 (110) yields a correction to the W mass (but not the Z mass):
This is equivalent to a contribution to the T parameter:
Collecting all contributions, the physical vector masses get shifted as follows:
Four-Fermion Interactions
At very low energies, the W and Z bosons are also integrated out and give way to the fourfermion interactions of the Fermi model. These interactions get corrections from the exchange of heavy vector bosons, i.e., from the operators
and O
(1)
which are both present in (165). Looking at charged-current interactions, together with the shift in the W mass this correction effectively modifies the relation of the Fermi constant and the Higgs vacuum expectation value v:
It is customary to choose G F (as measured in muon decay) as an independent parameter of the SM. If this is complemented by M Z and α (i.e., e), we have to account for the shifts in the vector boson masses, and define the parametersv 0 andŝ 0 by the relationŝ
The two definitions of the weak mixing angle are thus related by 
Constraints on Little Higgs Models
Electroweak precision data constrain the allowed parameter space of Little Higgs models. Up to the order v 2 /F 2 , all corrections to low-energy observables can be parameterized in terms of ∆S, ∆T , and two extra parameters which modify the contact interactions of the isospin and hypercharge currents.
Contact interactions have been sought for both at hadron and lepton colliders. The present exclusion limits [19] can be turned into limits on the values of f JJ (79, 103), i.e., on the ratios c 2 /F and c ′ 2 /F . Thus, for a given value of F these constraints can be evaded if c and c ′ are both small. This is the limit where the massive vector bosons become superheavy and simultaneously decouple from fermions. In fact, for c or c ′ less than about 0.1, the vector boson masses are of the same order as the cutoff Λ where the Little Higgs model breaks down as a low-energy effective theory, and new (strong) interactions may be expected.
From current experimental data, the combined limit for a Z ′ boson with SM-like couplings is M Z ′ 1.5 TeV [19] . For the Littlest Higgs model, this translates roughly into 
The limits for charged heavy vector bosons are somewhat weaker. In the limit c ∼ c ′ → 0 where all contact interactions disappear, the correction to S (117) also vanishes. However, there remains a constant contribution to T [6] ,
where the second term depends on the parameters in the Coleman-Weinberg potential.
The first term in (128) is due to the existence of the heavy hypercharge boson Y . This positive shift in T pushes the model out of the exclusion contour in the S-T plane allowed by electroweak data for a light Higgs boson, unless F is larger than about 5 TeV. The second term, the shift due to heavy-scalar exchange, is negative. However, the bound (51) implies that the net ∆T will not be smaller than v 2 /αF 2 . When discussing Little Higgs models, it is usually assumed that the Higgs boson is light, presumably close to the lower experimental limit m 0 ≈ 115 GeV. However, this is not necessarily true: Depending on the parameters in the Coleman-Weinberg potential (e.g., if the two contributions in the denominator of (50) almost cancel each other), the physical Higgs mass can take any value that is not in conflict with unitarity. Increasing the Higgs mass with respect to the reference value m 0 , we get additional shifts in S and T . These are approximately given by [17] (129) (The complete one-loop formulae can be found, e.g., in [10] .) As a consequence, the positive contribution to T can be partially cancelled by an increase in the Higgs mass. Note that this would also reduce the amount of fine-tuning in the model. In Fig. 1 , we depict the allowed region in the S-T plane for three different values of F . Looking at the figure, we can conclude that a light Higgs boson (m H = 120 GeV) is marginally consistent with the Littlest Higgs model only if F 5 TeV [4] [5] [6] . However, allowing for larger Higgs masses reduces this limit to less than 4 TeV. We should also keep in mind that radiative corrections [13] and unknown effects from new physics beyond the UV cutoff Λ will add extra small shifts to the S and T parameters which can slightly change this conclusion.
Our derivation shows how this picture looks like in more general models. In the triplet sector, any extension will only result in additional contributions which have a form identical to that in the Littlest Higgs model. These terms will contribute to S only. In the singlet sector, there is more freedom: Removing the U(1) boson, changing the hypercharge assignment, or extending this sector in some other way, allows for different values of ∆T [6, 7, 16] . In particular, the spectrum can be arranged to be consistent with the custodial SU(2) symmetry, such that the corrections to the T parameter cancel altogether. In such models, the bounds on F are significantly weaker than in the Littlest Higgs model [3] .
New Effects
New data from Tevatron, LHC, and a future Linear Collider will allow us to constrain the parameter space by measurements of new independent observables. Apart from improved limits on contact interactions, there will be precision data on vector-boson self-couplings, on Higgs and top-quark interactions. In this section, we derive the corresponding anomalous contributions in Little Higgs models, starting from the effective Lagrangian (165). 
Anomalous Triple-Gauge Couplings
Strictly speaking, tree-level contributions to triple gauge couplings from the exchange of heavy particles are impossible at the level of dimension-six operators [11] . In the absence of fermions the self-couplings of vector bosons define the gauge couplings g and g ′ . However, in practice the gauge couplings are measured in processes which involve external fermions. These interactions do receive tree-level corrections. We have used the equations of motion to canonically normalize the fermion gauge interactions. As a result, anomalous triple-gauge couplings appear.
We use the standard parameterization:
Inserting our results into the formulae of [10] , we obtain
Since the anomalous contributions are generated solely by a renormalization of gauge couplings, we have g 
is automatically satisfied in this case, so there is no contribution from the SU(2) c -violating coefficient f V B . In our derivation of the effective Lagrangian, we have expressed everything in terms of the parameters e, s w , and a dimensionful quantity, for which we either take M W , M Z , or v. As far as the coefficients of dimension-six operators are concerned, the particular scheme used for experimentally defining the input parameters is irrelevant, since differences are formally of higher order. However, when discussing interactions which also occur at tree level in the Standard Model, we have to be specific about the definition of the input parameters, since a shift in the SM contribution will be of the same order as the direct contribution of the anomalous interactions.
For instance, in the G F -M Z -α scheme, there is an additional contribution to g Z 1 and κ Z since we have to define the three-gauge-boson vertices in terms ofŝ 0 andĉ 0 :
where now g
Anomalous Higgs couplings
Anomalous Higgs couplings are induced both by vector and scalar exchange. Expanding the effective Lagrangian (165), we obtain the following contributions:
1. Couplings to longitudinal gauge bosons:
These occur at tree-level in the SM and get anomalous contributions from various sources. The direct contributions are
V V + 2f
These relations apply if we define the parameters M W and M Z in (135) as the measured values (120). Due to the appearance of v in (135), in the G F -M Z -α scheme there is also an indirect contribution to be added:
where z is given in (124).
Couplings to transversal gauge bosons:
While these terms are generated by the operators O BW , O ′ W W , and O ′ BB individually, they all vanish in the linear combination present in (165), and thus are induced at loop-level only, as one would expect.
3. Contact terms, i.e., direct couplings of Higgs bosons to vector bosons and the weak or hypercharge currents. These follow from the second line of (165), if the physical fields are inserted, derivatives acting on the Higgs field are eliminated by partial integration, and the equations of motion of the vector fields are applied. Alternatively, we can read them off directly from the V -J interactions in (38,39):
4. Anomalous couplings of the Higgs boson to the scalar current, i.e., to massive fermions. Due to the effect of the operator O
, all such couplings are modified by the common factor
If the fermions are mixed with new heavy particles, as it is the case for the top quark in Little Higgs models, there are extra contributions to (141). These will be considered below in Sec. 5.4.
Higgs pairs
In the effective Lagrangian (165), various terms induce anomalous couplings which are relevant for Higgs pair production.
1. The quartic HHW W and HHZZ couplings are modified:
are the direct contributions. Here, we have applied the equations of motion of the Higgs boson to eliminate derivative couplings. The indirect corrections in the
2. The cubic Higgs self-coupling is directly affected by the presence of the operator O h,3 . Furthermore, the operators O h,1 and O hh contribute to this coupling if we eliminate derivative couplings by the equations of motion. Parameterizing the vertex by
we have a direct contribution
To determine the indirect contribution, we augment the set of independent parameters (G F , M Z , α) by the physical Higgs mass m H , to get
in this scheme.
Top-Quark Couplings
The presence of the heavy quark T in the spectrum affects the interactions of the top quark with gauge bosons and Higgs bosons in a non-universal way.
1. The electroweak interactions of the top and bottom quarks are affected by the presence of the operator O V q (64), which originates from heavy T -quark exchange, and by the redefinition of the vector fields due to heavy-vector exchange. In the physical basis, the Z and W couplings are
where the coefficients are given by
While the corrections proportional to (f V W +2f V B ) are universal to all fermions and taken into account by the S-T fit of the SM, the corrections proportional to f V q are specific to the top-quark vertices.
The indirect corrections in the G F -M Z -α scheme are in this case
2. The top-quark Yukawa coupling is also modified by the heavy T -quark. There are further effects due to nonlinear Goldstone interactions and heavy-scalar exchange which altogether make up the coefficient of the operator O hq . Finally, there are the corrections from O
V V and O
V V which have been given already in (141). The resulting vertex is
The indirect contribution in the G F -M Z -α scheme is
3. There are also quartic ttZH and tbW H vertices:
Note that these couplings are purely left-handed, which is due to the fact that it is the right-handed top quark which mixes with the heavy T fermion.
The Reconstruction of a Little Higgs Model
Despite the fact that Little Higgs Models are constrained by electroweak precision data, there remains a considerable parameter space where such models are viable. Assuming that such a mechanism is realized in nature, one should ask the question to what extent it is possible to derive the model and its parameters from experiments at future colliders.
To verify the generic mechanism that is common to all Little Higgs models, we would like to check two characteristic properties of the model, namely the cancellation of quadratic divergences as a result of the symmetry structure, and the Goldstone-boson nature of the Higgs boson. A direct check of the first property would require the measurement of the quartic couplings of Higgs bosons to heavy vectors, scalars, and fermions, which is out of reach of the next generation of colliders. However, the symmetry structure manifests itself also in relations of couplings which are accessible once the new particles have been discovered at the LHC [6, 16, 21] . The same couplings also enter the low-energy effective Lagrangian. For instance, the cancellation in the vector-boson triplet sector is reflected in the relation of the coefficients f JJ and f V W (79, 80), once the scale F is known. Similar statements hold for the scalar and fermion sectors. Thus, a sufficiently accurate determination of the low-energy coefficients complements direct measurements at LHC. In cases where direct measurements are difficult (e.g., in the scalar sector), low-energy observables may be the only handle on the Little Higgs mechanism.
In order to establish the Goldstone nature of the Higgs boson, we should demonstrate the nonlinearity in the Higgs-boson representation above the scale F , i.e., the presence of nonrenormalizable terms in the Higgs interactions. The low-energy trace of this is encoded in terms which are independent of the mixing angles and masses of the Little Higgs spectrum. For instance, in the Littlest Higgs model there are a constant contribution −1/6F 2 in the coefficient f
V V (81) and a similar term in the coefficient f hq (67) (i.e., the constant 2/3 in β (60)).
Since the anomalous contributions we have calculated in the preceding sections all carry a common suppression factor v 2 /F 2 relative to the SM result, for a meaningful measurement the low-energy observables have to be determined at least to this accuracy. If F happens to be rather high (e.g., F 4 TeV for the unmodified Littlest Higgs model), the required precision is in the per mil range. A high-luminosity e + e − Linear Collider can reach this level for a limited subset of observables which include contact terms and triple-gauge couplings. In the Higgs and top sectors, accuracies of the order of 1-2 % are possible for the observables of interest [22] . At LHC, the level of precision is generically weaker, but direct measurements are possible for new heavy particles in the spectrum. Thus, if the scale F is of the order 2 TeV or less, which is allowed in various Little Higgs models [7, 3] , a complete coverage of the low-energy parameters becomes feasible. In any case, all observables will be included in a combined fit if signals of a Little Higgs model are found, once a sufficient data sample has been collected at LHC and a Linear Collider.
Vector Bosons
The new X and Y gauge bosons can be produced and detected at the LHC if they are not too heavy [6] , and their couplings can be directly measured [21] . Indirect constraints from low-energy observables can be combined with those results for an improved fit and will help to disentangle the contributions of various sectors:
1. The measurement of contact terms, e.g., in the processes
will significantly improve the limits for a particular combination of the operator coefficients f
JJ and f
JJ , equivalent to the detection of a Z ′ boson up to a mass of 5-10 TeV [23, 22] . For a separate measurement of the triplet contribution, one needs a charged-current channel. For instance, the cross section measurement of the process
allows for detecting the effect of W ′ bosons up to M ∼ 5 TeV [24, 22] . These limits can be combined with the possible observation (or non-observation) of those states at LHC to extract the scale F and the mixing angles in the vector-boson sector.
2. Another probe of heavy-vector exchange is given by quartic HZf f and HW f f interactions, which depend on f
V J and f
V J . The neutral component can be extracted by measuring the angular distribution and/or the energy dependence of the Higgs-strahlung process [25] , while the charged component affects W W fusion. (A detailed experimental analysis of contact terms in Higgs production has not yet been performed.)
3. The triple-gauge couplings will be measured to better than per mil accuracy at a Linear Collider [26, 22] . Assuming that S and T and the contact terms are known, this allows for the extraction of the coefficient f 4. Once the Higgs mass is known, the existing precision data can be turned into measurements of ∆S and ∆T . If the Giga-Z option of a Linear Collider is realized, the accuracy of this measurement will improve by one order of magnitude [22] . In our context, the value of ∆S provides us with the parameter combination f V W + 2f V B . Turning the argument around, together with the measurement of triple gauge couplings one gets an independent constraint on f
JJ .
Combining those measurements in a single fit, all parameters in the gauge sector can be derived. In particular, if LHC and Linear Collider data are taken together, there will be enough redundancy to go beyond the assumption of a specific model, such that the complete set of heavy vector bosons (singlets and triplets) and their couplings can be reconstructed.
Scalars
In the effective Lagrangian (165), Higgs-boson operators are affected both by the scalar and by the vector boson sector. Since the vector-boson contributions can be extracted by the methods described above, we get an indirect handle on the scalar sector, which is difficult to access directly. The statistical and systematic uncertainties for Higgs production and decay measurements at LHC and a Linear Collider limit the achievable accuracy to 1-2 % or worse, depending on the channel and on the Higgs mass [22, 27] . The following arguments show that a complete coverage of the scalar sector is possible in principle. In practice, this exercise can be successful if the scale F is of the order 2 TeV or lower, while for higher scales the accessible information becomes limited.
∆T depends on f (1)
V V and a correction due to heavy-scalar exchange. Once the Higgs mass and the properties of new U(1) vector bosons are known, we can isolate this piece. This quantity (i.e., the ρ parameter) has been measured with per mil accuracy. At GigaZ this can be improved by another order of magnitude.
2. The couplings of the Higgs boson to gauge bosons will be measured in Higgs-strahlung and vector boson fusion. Combining this with the information on ∆T , we can constrain the coefficient f
3. The ratio of the branching ratios H → f f and H → W W, ZZ also depends on the coefficients f
V V and f
V V . Thus, Higgs decay measurements will add independent information on those coefficients. (Here, we need the assumption that the fermions are not mixed with any heavy partners, which is likely true for the b quark, and even more for τ and c.)
4. Finally, double Higgs production depends on the coefficient f h,3 , the Higgs potential correction. Both at a Linear Collider and at LHC this measurement is severely statisticslimited [28, 22, 29] , and in Little Higgs models the small corrections to the trilinear Higgs coupling are unobservable even for very low F .
If sufficient precision can be reached from a combination of all available data, we can isolate the contribution of the heavy scalar φ (and thus confirm its existence) and detect the constant contribution in f (3) V V (81) which stems from the last term of (29) . As discussed above, this would be direct evidence for the Goldstone-boson nature of the Higgs boson.
Our discussion has been centered on the Littlest Higgs model with its obvious generalizations, which contains just a single Higgs doublet in its low-energy spectrum. Other Little Higgs models predict a richer structure: Apart from extra doublets, there could also be light scalar singlets and triplets, which have to be pair-produced and thus are difficult to access. While this complication will not invalidate our treatment of the vector-boson sector, the reconstruction of the scalar sector in such models is beyond the scope of the present paper.
Top-Quark Observables
The top quark will be studied both at LHC and at a Linear Collider. In addition, LHC opens the opportunity to produce new states in the quark sector directly (e.g., the heavy quark T of the Littlest Higgs model) and study their decays [6, 16] . Here, we consider the information on this sector which low-energy observables can provide.
1. Whilett production at threshold is dominated by QCD effects, continuum production of top pairs allow for an accurate determination of the form factors v t and a t and thus provides a measurement of the operator coefficient f V q . The achievable accuracy is of the order 1-2 % [30, 22] .
2. The same coefficient is probed by measurements of the tbW vertex in single-top production and in top decays.
3. A measurement of the top Yukawa coupling (or the ratio g ttH /g bbH ) complements this by information on the scalar couplings to the top sector, i.e., the coefficient f hq . Similar to f
V V , this anomalous coupling contains a constant contribution which is not due to heavy-particle exchange, but a consequence of the nonlinear Goldstone nature of the Higgs boson. Here, a Linear Collider could reach an precision of up to 2.5 % (depending on the Higgs mass) [22] .
The sensitivity to the top-quark sector of Little Higgs models from low-energy observables is similar to the scalar sector. However, the prospects for direct measurements at the LHC are more favorable in this case due to the fact that new heavy quarks can be produced by strong interactions.
Conclusions
Using the effective-theory formalism, we have derived a complete account of the anomalous couplings that are present in Little Higgs models below the new-particle threshold. In this framework, all present-day constraints on the parameter space of such models are encoded in the parameters S and T and the coefficients of four-fermion contact interactions. Furthermore, the formalism provides us with a simple method for deriving the new anomalous couplings that will be observable at the next generation of colliders.
The existing constraints on S and T , if combined with the limits on contact interactions, push the expected scale F of the minimal Little Higgs model up to 4 TeV and higher, where for a scale less than about 5 TeV a high Higgs mass is necessary to fit the electroweak data. This lower limit is mainly caused by the large amount of custodial SU(2) violation in this model, and it can be evaded by a different treatment of the hypercharge sector. The limits on the S parameter are similarly constraining and restrict the mixing angles in the vector-boson sector.
Beyond the electroweak precision observables which have been measured so far, new anomalous couplings exhibit traces of all sectors of the model. While some masses and couplings can be determined directly in the production and decay of heavy particles at the LHC, it becomes possible to derive the full structure of the model by combining this with precision measurements at a future Linear Collider. If the achievable precision is sufficient (this strongly depends on the actual value of the new-physics scale F ), we will be able to check the coupling relations that are responsible for the cancellation of divergences and the nonlinear nature of the Higgs interactions, thus verifying or excluding the Little Higgs mechanism as the correct model of electroweak symmetry breaking.
A The effective Lagrangian
In this appendix we collect the dimension-six operators which are present in the low-energy theory after integrating out the heavy degrees of freedom. The result can be written in the form 
while the expressions for the Coleman-Weinberg potential parameters are given in (44a-44f).
